Einstein's explanation of Mercury's perihelion motion has been verified by astronomical observations. His formula could also be obtained in Schwarzschild metric and was published already in 1898. Motion along a straight geodesic, however, namely free fall into a gravitational centre with vanishing angular momentum, is incorrectly described both by Einstein's and by Schwarzschild's equation of motion. A physical solution for free fall may be obtained by taking into account the dependence of mass on velocity in Newton's gravitational law as adopted in the physics of accelerators.
I Introduction
In 1915 Einstein published his famous paper on the explanation of Mercury's perihelion motion [1] as a first application of his new gravitational theory. He arrived at the identical formula for the advance of the perihelion which Gerber had derived in 1898 [2] on the basis of a velocity dependent gravitational potential. The velocity dependence chosen by Einstein was somewhat different, but in the approximation considered his result agreed with Gerber's. Since then the accordance between the Gerber formula and the astronomical observations on Mercury's orbit is considered as a corner stone confirming Einstein's geometrized theory of gravitation (GR) that was published in 1916 [3] quoting the foregoing paper of 1915.
In this paper we will show in Sec. 2 that Einstein actually did not use his GR equation of motion, but used Newton's equation with a slight modification of the gravitational potential when he calculated Mercury's anomalous orbit. Thus, his theory suffers from the same deficiency as Newton's, namely free falling mass points may attain superluminal velocities depending on their initial velocity at infinity.
This problem does not arise in the Schwarzschild solution of 1916 [4] which we discuss in Sec. 3. It results in an equation of motion which is different from Einstein's, but it leads also to the Gerber formula. In two letters to Einstein [5] and to Sommerfeld [6] Schwarzschild called it a "miracle" that his abstract idea leads to the same practical result published by Gerber in 1898 and by Einstein in 1915 . If one applies, however, Schwarzschild's equation of motion to the free fall of a mass point with vanishing angular momentum, one finds that the kinetic energy of the mass point decreases and the particle comes to a halt at the Schwarzschild radius. This solution avoids superluminality, but it is not physical either.
In Sec. 4 we modify Newton's equation of motion by introducing the velocity dependent mass that proved appropriate in particle accelerators and prevents superluminality in free fall. The particle's kinetic energy increases unlimited when it falls into the assumed singularity at r = 0. The consequences for closed orbits are discussed. One obtains a perihelion advance which is one third of the Gerber-Einstein formula.
II Einstein's perihelion formula of 1915
In § 2 of his perihelion paper a [1] Einstein derived the equations of motion (7 E) of a mass point in the gravitational field. In lowest order the equations are identical with Newton's, but in higher order Einstein finds from his theory the equations of motion:
Together with the exact conservation of angular momentum 
which he derived from his (7c E) refers, however, to a closed orbit. It is not a consequence of his geometrized gravitational law, but follows from Newton's equation of motion with a modified velocity dependent potential by introduction of the orbital period T into the form (14 E) which was not known to him according to his own assertion.
For
resulting in superluminal velocities for cosmic radiation particles, for example. This is a result of cancelling the mass in Newton's law so that the velocity dependence is ignored. We come back to this problem in Sec. 4. Before, we discuss the Schwarzschild solution and its consequence for planetary motion.
III Planetary motion in Schwarzschild metric
Einstein's equation R ik = 0 in empty space is satisfied by Schwarzschild's line element [7] :
when the gravitational field is produced by a point mass M, where G is Newton's gravitational constant and α is twice the so called Schwarzschild radius. For motion in the plane 2    one has to solve the following equations: 
with the integral dt C ds i c K 
Conservation of energy follows from (2) in the form:
Substituting the integrals (4) and (6) It was this fortunate agreement that caused Schwarzschild to speak of a "miracle". If one calculates, however, the motion along a straight geodesic in the Schwarzschild metric, namely free fall into a gravitational center with vanishing angular momentum, one obtains a result very different from Einstein's. Equation (7) 
The integration constant C may be expressed by the initial velocity 2 v  at infinity where 1 K  so that the radial velocity becomes:
As the mass point approaches the Schwarzschild radius, the velocity tends to zero and the falling mass comes to a halt with vanishing kinetic energy. This is not a physical solution, since experience tells us that falling objects gain kinetic energy continuously.
We must conclude that neither Einstein's nor Schwarzschild's version of a GR-solution for the motion on a straight geodesic is in agreement with known facts. It is apparently necessary to take into account the velocity dependent mass as it is applied in accelerator physics. This will be considered in Sec. IV.
IV Free fall with velocity dependent mass
Newton's law with velocity dependent mass reads:
Differentiation and scalar multiplication with v r yields:
Integrating with respect to time one obtains in Einstein's nomenclature:
or:
where the integration constant A has been expressed by the initial velocity at infinity. Equation (13) ensures that the radial velocity in free fall can never exceed the velocity of light.
On the other hand, the particle's energy increases indefinitely when the centre of gravity 0 r  is approached:   
and from (12) we have 2 2
Eliminating the tangential velocity we obtain for the orbit with 1 r x  :
Substituting the constants by the parameters of a Kepler ellipse where p is the semi-latus rectum and e the eccentricity one obtains:
In view of these findings it is doubtful whether a geometrized gravitational theory -which is reminiscent of Kepler's laws -is capable of describing the dynamic phenomena due to gravitational forces. In practice only the centre of gravity of a planet could move on a geodesic line in space-time that is practically coincident with a Kepler orbit, but all other mass points are barred from this line by internal tensions. Tidal forces can hardly be described by force-free motion in space-time.
In equilibrium it is obviously necessary to balance gravitational forces with elastic forces that keep objects on the earth's surface, for example. GR does not tell us how the effects of spacetime flexion connect to the everyday experience of countless forces. It took centuries to develop the extremely useful and successful physical concept of forces. One should not abandon it light-heartedly.
